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This note is a supplemental material to Kamiya and Shimizu [1] (hereafter, KS). We

prove Theorems 2 and 3 in KS.

1 Proof of Theorem 2

Theorem 2 Suppose agents can hold any amount of money, i.e., B = co. Suppose % <

d < 3. Let g = m. Then, for any given 8 € (3,1), there exists a continuum of
stationary equilibria in which (i) the value functions are continuous, strictly increasing,
and concave, and (ii) the money holdings distributions have a full support in some closed

interval with a nonempty interior.

Proof:
(I) We extend the strategy and money holdings distribution constructed in the proof of
Theorem 1 of KS to the environment without an upper bound of individual money holdings.

In other words, for some p > 0,

e an agent without money always chooses to be a seller and an agent with money

holding 1 > 0 always chooses to be a buyer,

e a seller always offers (p, q),
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e a buyer with money holding > 0 consumes the following amount of her consumption

good: there exists a p(n) > p such that, for given (ps,gs),

min s, qs ) if ps < ’
0 if ps > p(n),

e for some A and o, f is expressed by

_J2M+ o, for n € (0, pql,
fn) = {O, for n € (pg, oo]. 2)

Note that p, p(n), A, and o will be determined as functions of myg later.

(IT) Next, we obtain a candidate for a value function V' : Ry — R consistent with the
above strategy. From the above strategy, V(n) for n € (0,00) can be written as a function

of V(0) as follows. First, for n € (0, pql,
_ Mo (.1 _ Mo
vin="2 (24 v)) + (1-72) v
holds. Thus

V() = A(mo) (ag . ﬂV(O)) . forn e (0,pd), 3)

mo

where A(mg) = —omgyp: Note that A(mo) < 1. Similarly, V(n) for n € (pg,oo) is

written as:
V(n) = A(mo) (aq + BV (n — pq)), for n € (pg, o0). (4)

Next, since an agent without money always chooses to be a seller, then V' (0) is deter-

mined by

et [ vy

(0,pa] 1=

1—
V(0) = ——

+ (1 - 1_—]:7’0) BV (0). (5)

(III) Below, we focus on equilibria with V(0) = 0 and obtain (p, A, o) as functions of my.

First, we decompose 1 > 0 into an multiple of pg and a residual; that is, n = npg—+t, where



n is a nonnegative integer and ¢ is a nonnegative real number less than pg. Then, by (3)

and (4),

Vipr+0 = 500 g samo) - a-paeo) £} @
holds. On the other hand, by (2) and (5),
(-moje= L5 [ gty = apam) (300 gondt)

holds.
Below, we obtain (p, A, o) as functions of mg. First, 1 —mg = f(o 00) fdn can be written

as follows:
1—mgy= / fdn = M\p*@ + opq. (8)
(0,pg]

Since the total amount of money the agents have is equal to M, the following equation

must be satisfied:

2 1
M = / nfdn = §Ap3q3 - 5ap2@2. (9)
(0,pq]

By (7), (8), (9), and d = 4, we obtain

B MaBA(myg)
= A—mo) (10)
~3(1 = mg)3(2 — BdA(myp))
NS TR S ) -
o= 2(1 — m0)2(—3 + 2,8dA(mo)) (12)
B M B32d?(A(mo))? '

(IV) Next, we check the optimality of the specified strategy.

(i) The optimality of the strategy of an agent with money holding n > 0:
First, we show that there exists a p(n) > p in (1). If n € (0, pq], then by (6),

aq + BV (n — psq) = aq (1 - 6A(mo)%) + aﬁA(mo)g
holds. Thus if

1—ﬂme%20



holds, then she clearly chooses the maximum amount she can buy, and otherwise she
chooses g, = 0. Note that 1 — SA(mg) > 0 holds, since SA(mg) < 1. Let

p )
p(n) = GA(mg)’ for n € (0,pq]. (13)

Then, (1) is optimal for n € (0, pgq]. Moreover, p(n) > p clearly holds. Similar arguments

apply to the case of n € (pg, o0).

Next, we check an incentive for an agent with n > 0 to become a buyer instead of
becoming a seller and offering (p',¢’). By (1) and (13), for any p’ > m, no buyer
accepts such an offer on the equilibrium, and then the value is the same as that of an offer
(p”,0), where p” < W;no)' Therefore, we can restrict our attention to (p',¢’) such that
p € [0, m} and ¢’ € [0,3]. By (1), the value of becoming a seller and offering (p’, ¢’)

1S

1 —my ~ ¥ N fm) < 1_m0>
—Cc+ Vn, dn'| +(1— V(n),
r (O’pﬂﬂ (n n)l_mo U ) BV
where
- V(in+1), it <p'q,
Vinn')= iy T (14)
Vin+p'd), ity >pq.

On the other hand, when she becomes a buyer, the value is V(n). Thus the difference is

f_(—’;)odn'] —a-pve).  (9)

1—m0

k

—c+ /(Om] 3 (V(nm’) — V(n))

Below, we show

~

Vin+n')—V(n) <aA(mg)=, forn € (0,pg]. (16)

First, there exits a unique nonnegative integer n such that npg < n < (n + 1)pg. There
are two cases: (a) n+ 17" < (n+ 1)pg and (b) n+ 71" > (n+ 1)pg. In case (a), by (6) and
ﬁA(mo) <1,

V) - Vi) = 7200 L pamo [a- (1 - pamoy "]}
aA(myg) ~ . 7 — npq
" 1= BA(mog) {q — (BA(m0)) [q — (1= BA(mg)) T] }
< aA(mo) (BA(mO))”%
= aA(mo)%-



In case (b), by (6) and BA(mo) < 1,

Vin+n) = Vin = % {q — (BA(mo))"™ [q — (1= BA(mg)) 1 " _;" i 1)P(l] }
ad(mo) [, n |z 1 — npq
- i {a- o [a- 0 pacne 1] |

=aAmmﬂ@mew@1—@meﬂn+mq+@umm%—41—@meﬁﬂ
SaAOnw(ﬁAOnwyl%

The fourth line is obtained by n > (n + 1)pg — . This completes the proof of (16).
(6), (14), and (16) imply
/
Vo) = V) < ad(mo)=,for i € (0,pa)
Then, the first term of (15) is less than or equal to

1—m0
k

/ /
—E+/ aﬁA(mo)l f ) dn'| .
(0pd] pl-=mg

This is equal to zero by the first equality of (7), and thus (15) is non-positive and she

becomes a buyer.

(ii) The optimality of the strategy of an agent without money:

By the construction, an agent without money is indifferent between a buyer and a seller.
Thus she has an incentive to be a seller. As in the latter part of (i), we restrict our
attention to offers (p/,¢’) such that p' € [0, m} and ¢’ € [0,g]. By (1) and (6), the

value of offering (p/,¢’) is

1—myg

k

_ NS LU
- V(0,7) - | 17
c+wmﬂ(nh_mn] (17)

where V is defined in (14). If p'q’ > pg, V(0,7') = V(1) for any 7' € (0, pg]. Then, (17) is



the same for all p'¢’ > pg, and therefore the offer (p, q) is optimal. If p'q’ < pq,

| veansenal = [ vensonar+ [ ven o
(0,pg] (0,p'q’]

(»'q',pq]
<[ vensaar+ [ v
(0,p'q’] ('’ ,pal

~ [ vomse,
(0,pq]

where the inequality is obtained by (6) and (14). Then, the offer (p,q) is optimal. This
completes the proof of (IV).

(V) Finally, we check f(n) > 0 for all n € (0,pg|. Since f is linear, it suffices to show
£(0) = 0 and f(pg) > 0. By (10), (1), and (12),

2(1 —mg)?(—3 + 2B8dA(my))

JO) =0 = =R Amo)?

and

2(1 — mg)?(3 — BdA(mg))

f(pq) =2 p7+ 0 = M32d2(A(mg))?

hold. A sufficient condition for f(0) > 0 and f(pg) > 0 is clearly

w

By the assumption d < 3, SdA(mg) < 3 is always satisfied. It is easily verified that
3 < BdA(my) is equivalent to

3k(1—0)

mo 2 Zo—a- (18)

Setting 3 = 3(16_3—1’“)%1, we can show that for any 3 € (§,1) there exists a continuum of mq

satisfying (18) and mg € (0,1). Indeed, 3 < 1 follows from the assumption d > 3, and

3k(1-f)
B(2d—3)

The stationary condition is expressed as follows:

1>

follows from § > (.

1—mg / f / 1\ M0 .
mo dn = f(n")=—, forne[0,pq,
k (mpg) L — ™Mo (n,pd] k

where the LHS is the outflow from [0, 7], while the RHS is the inflow into [0, n]. Neverthe-

less, this is automatically satisfied. This concludes the proof. |



2 Proof of Theorem 3

Theorem 3 Suppose % <d<3. Let 8= 3(k—3—1k)+2d' Then, for any given 3 € (3,1) and

. 3MpB(2d—3
B>B= 2(5(2d_3)(—3k(1)—ﬁ))

commodity-money refinement in the sense of Zhou.

, there exists a continuum of stationary equilibria satisfying the

Proof:
Throughout the proof, we assume € > 0.

(I) We consider the same strategy and money holdings distribution as in KS: for some
pe (0, ﬂ
e an agent without money always chooses to be a seller and an agent with money

holding 1 > 0 always chooses to be a buyer,
e a seller always offers (p, q),

e a buyer with money holding 17 > 0 consumes the following amount of her consumption

good: there exists a p(n) > p such that, for given (ps, gs),

min{n/ps,qs} if ps < p(n),
a(1, s> s) = tnf s . 2(n) (19)
0 if ps > p(n),
e for some A and o, f is expressed by
2\n+o,  for n e (0,pq,
f(n) = - (20)
0, for n € (pq, <].

Note that p, p(n), A, and o will be determined as functions of my later.

(IT) Next, we obtain a candidate for a value function V' : Ry — R consistent with the
above strategy. From the above strategy, V(n) for n € (0, B] can be written as a function
of V(0) as follows. First, for € (0, pql,

Vi =en+ 22 (ol 5v0) + (1 52) 6vio)
holds. Thus

V() = A(mo) (g n 6V<0)> T Zlmoyy, forn € (0,pdl, (21)



where A(mg) = ki(ﬁiomo)ﬂ and Z(myp) = ki(k’iiamo)ﬁ Note that A(mg) < 1. Similarly, V(n)
for n € (pq, B] is written as:

V(n) = A(mo) (aq + BV (n — pq)) + Z(mo)n,  for 1 € (pq, o). (22)

Next, since an agent without money always chooses to be a seller, then V' (0) is deter-

mined by

et [ vy

(0,pa] 1=

1—
V(0) = ——

+ (1 - 1_—];”0) BV(0).  (23)

(III) Below, we focus on equilibria with V(0) = 0 and obtain (p, A, o) as functions of my.
First, we decompose 1 > 0 into an multiple of pg and a residual; that is, n = npg—+t, where
n is a nonnegative integer and ¢ is a nonnegative real number less than pg. Then, by (21)
and (22),

Viupa+0) = 2580 Ly (sama))” [a - 1 - s £ |
(1~ BA(mo)) — BA(mo) + (BAmMO)™ 1~ (3A(m))"
2t | (1= FAmo) 2 S g

(24)
holds. On the other hand, by (20) and (23),

(L =moje=5 (@ + Z(m0)> /(prq] nf(n)dn =g (aA(pmo) + Z(Wo)) (%ApSQ?’ + %)ap2q2>
(25

holds.
Below, we obtain (p, A, o) as functions of mg. First, 1 —mg = f(o B] fdn can be written

as follows:
l—mz/ fdn = M3 + opd. (26)
(0,pq]

Since the total amount of money the agents have is equal to M, the following equation

must be satisfied:

2 1
M = / nfdn = ¢ + o’ (27)
(0,0 3 2



By (25), (26), (27), we obtain
MaBA(mo)

P (1 —mo)c — MBZ(mq)’ (28)
)= 3(2M —;)Sqq(:}l —my)) (29)
o= 2(—3M +p22];g(1 — mO)) ) (30)
Suppose
(1-p)e
e < N (31)

Then, p < % is satisfied if and only if

_ 2 -
S = = (‘”W*%Wi (R ) R

(32)

It is verified mg € (0,1). We can also show that my < mg implies p > 0. Hereafter, we

focus on my satisfying (32).

(IV) Next, we check the optimality of the specified strategy.

(i) The optimality of the strategy of an agent with money holding 7 > 0:
First, we show that there exists a p(n) > p in (19). If € (0, pq], then by (24),

aq + BV (n —psq) = (a - aﬁA(mo)% - ﬂpsZ(m0)> 0B (aA(pmo)

holds. Thus if

+20m0) ) 1

a— aﬁA(mg)% — BpsZ(mp) >0

holds, then she clearly chooses the maximum amount she can buy, and otherwise she

chooses g, = 0. Let

ap

20 = Badlm) + pZlme)y " < P &
Then, (19) is optimal for n € (0, pg]. Suppose
e < (1 B 5)6(1 - mO) (34)

M3 ’



then (28) and (32) imply that p(n) > p holds. Hereafter, we focus on ¢ satisfying (34).
(31) clearly holds. Similar arguments apply to the case of € (pg, B].

Next, we check an incentive for an agent with n > 0 to become a buyer instead of

becoming a seller and offering (p', ¢’). By (19) and (33), for any p’ > BlaAT 7: 1O

ap
mo)+pZ(mo
buyer accepts such an offer on the equilibrium, and then the value is the same as that of

an offer (p”,0), where p” < 7 A(mo()lipZ(mo))' Therefore, we can restrict our attention to

(p',q') such that p’ € [0, ,B(aA(mot)lf-pZ(mo))} and ¢’ € [0,q| (provided p'q’ < B—mn). By (19),
the value of becoming a seller and offering (p’, ¢') is
e [ pvnan g |+ (1= 25 svin)
k (0,pq] ’ 1-— my k ’
where
. Vin+1n'), if " <p'd,
Vin,n') = iy L (35)
Vin+p'd), iftn >pd.

On the other hand, when she becomes a buyer, the value is V' (n). Thus the difference is

1—myg

f')
- AN

b n]—(l—ﬁ)V(n)- (36)
mo

—ex [ (Vo) -vim)

Below, we show

aA(myg)

Vin+n')-V(n) < ( )

n Z(’mo)> i, for v € (0, pdl. (37)

First, there exits a unique nonnegative integer n such that npg < n < (n + 1)pg. There
are two cases: (a) n+17' < (n+1)pg and (b) n+n" > (n+1)pg. In case (a), by (24), (28),
(32), (34), and BA(mo) < 1,

Vn-taf) = Vo) = | (3Amo)” (

(aAipmo)

aA(mo)  BA(mo)Z(mo) Z(my) /
p  1—[BA(mo) ) = ﬁA(mo)]

+ Z(m0)> .

10



In case (b), by (24), (28), (32), (34) and BA(mo) < 1,

Vin+n')-V(n)

= (3a(mo){ (ad(mo)

B pﬂA(mo)Z(mo)>
1-— BA(mg)

X [(n +1)(1 — BA(mo))q + 5A(mo)%/ - (1- 6A(m0))g} } L _Zm) o

1 — BA(my)
adA(mo) 5A(m0)Z(m0)> L __Zlmo) ] /
1 — BA(mo) 1 — BA(mo)

< |@atmo) (
< (2

< ’ + Z(mo)) us

The fourth line is obtained by n > (n + 1)pg — n’. This completes the proof of (37).
(24), (35), and (37) imply

Vn') = V(n) < <aA;m°)

+ Z(mo)> n', forn' € (0,pq).

Then, the first term of (36) is less than or equal to

1 _kmo [—c+ /(O’pq_} <@ + Z(mo)) W'%dn’] .

This is equal to zero by the first equality of (25), and thus (36) is non-positive and she

becomes a buyer.

(ii) The optimality of the strategy of an agent without money:
By the construction, an agent without money is indifferent between a buyer and a seller.
Thus she has an incentive to be a seller. As in the latter part of (i), we restrict our attention

} and ¢’ € [0,q| (provided p'q’ < B). By

to offers (p/, ¢') such that p’ € [O, B(aA(mo(;ipZ(mo))

(19) and (24), the value of offering (p/, ¢’) is

1—m0
k

= (7 / f(n/) !
- V(0,n)=—"d 38
g+ (Om]ﬂ (,77)1_m0 77], (38)

where V is defined in (35). If p'q’ > pg, V(0,7') = V(%) for any 7' € (0,pq]. Then, (17) is

11



the same for all p'¢’ > pg, and therefore the offer (p, q) is optimal. If p'q’ < pq,
[ veansenal = [ vensonar+ [ ven oy
(0,pq] (0,p'¢] (r'd’,pal

: /(o,p'q'] Ve e / V@) f (' )dif

('’ ,pal

~ [ vOpse,
(0,pg]

where the inequality is obtained by (24) and (35). Then, the offer (p,q) is optimal. This
completes the proof of (IV).

(V) Finally, we check f(n) > 0 for all n € (0,pg|. Since f is linear, it suffices to show
£(0) > 0 amd F(pg) > 0. By (29) and (30),

(—3M + 2pg(1 — myp))
p2(j2

j0)=0=">

and

230 — pg(1 — my))
7

hold. A sufficient condition for f(0) > 0 and f(pq) > 0 is clearly

f(pq) =2 pg +0 =

pq(1 —mg) <3

3
2 Mo -

IN

By (28), this is equivalent to

mo(1 — mo)afBiq
(1 —mo)(k — (k — mo)B)e — M Bke < 3.

N w

<

By (32), (34), and the assumption d < 3, the second inequality is always satisfied. Also,
by (34), the first inequality is satisfied if

3k(1—5)

mo > m (39)

holds. Therefore, there exists a continuum of mg satisfying (32) and (39) whenever mg >

—%’Eé};ﬁg By (32) and d3, this is equivalent to

1 2(8(2d—3)—3k(1—-0))

B 3MB(2d —3)

12



Setting 3 = ?)(/,C_?’—SJF%, and for any 3 € (3,1), setting B = 2(5(55\{?)(3%;?1)—5))’ we can show

that for any 8 € (3,1) and for any B > B, there exists a continuum of my satisfying (32)
and (39). Indeed, 8 < 1 follows from the assumption d > 3.

The stationary condition is expressed as follows:

1—m, ' m
- . 0/ 1f(77) dn’ :/ f(n’)TO, for n € [0, pq,
(n,pal (n,pal

— my

where the LHS is the outflow from [0,7], while the RHS is the inflow into [0,7]. Never-
theless, this is automatically satisfied. This concludes that for any 3 € (8,1) and for any
B > B, there exists a continuum of stationary equilibria if € is so small that (34) holds,
which means that any stationary equilibrium satisfies the commodity-money refinement in

the sense of Zhou. ]
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