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1 Walrasian Markets with Lotteries

This note is supplemental material to Kamiya and Shimizu [1]. We verify that the
value function in Section 8 indeed satisfies the Bellman equation.

Recall that a lottery for buyers is defined by the terms of trade ¢, = (py, \y) and a
lottery for sellers is defined by the terms of trade ¢, = (ps, As). Each agent solves the

following problem:

max @A\t — gsAs¢ + YV (1)

4db,4s

s.t. qp,qs € Ry, (1)
min{q, ¢s} = 0, (2)
Ay < 1, (3)
gsAs < 1, (4)
n' =1 — QP+ gsPs, (5)
By < 7). (6)

Solving the above, individual demand and supply functions q,(1; y, C5), qs(n; €y, {s) are
obtained. Let Qp(¢y, £s) and Qs(ly, £5) be the aggregate demand for buyers’ and sellers’
lotteries. An equilibrium in spot Walrasian market is defined by (¢, ¢5) satisfying

)\be(fln fs) = )\SQS(EIH gs)a
prb(fh fs) = pSQs(Eby 68),
max{ A\, \s} = 1.
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In equilibrium,
Ao Do
o (7)
S pS
must hold. In what follows, we restrict our attention to (¢, () satisfying (7).
In case of 1 = A\, > A4, the candidates for individual demand and supply functions

are as follows:

0 it n <,
() _ 8
% (1) {mm{L%} it >, (8)
B it <,
* — Ps 9
a(n) {0 it > (9)

where 77 € (0,p,). As for an agent with 7, he randomizes between buying 7j/p, and
selling (p, — 77)/ps. From these functions, we obtain the following continuous value

function

_pljp_:n/\sc_’_’yv(pb) lfT’ < 777

Vn) = q tu+V(0) if 7 <n <p,
u+V(n—p) if n > py.
7 must satisfy
P n)\sc +9V(py) = Y + vV (0).
Ds Do
Then,
_1 _ AN | ute —~)L i 7
Vinps4 1) = 4 7 u—9" =1 ’V)pbc}} if 0 <0<, (10)
Py L J—An (A+y—?utye (1 _ )L ifn<.<
I— Y T+~ 8 pbu un=t Dv,
and
B YU — ¢
_ 11

hold. Clearly, 77 € (0, py).
In case of 1 = Ay > )\, the candidate for individual demand and supply functions

are as follows:

0 iftn<mn,
P Dy n-=>mn,
B it <,
* = Ps 13
a: () {0 e (13)



where 77 € (0,ps). As for an agent with 7, he randomizes between buying 7/p, and
selling (ps — 77)/ps. From these functions, we obtain the following continuous value

function:
e+ 4V (ps) if n <1,
Vi(n) =9 Ehu+~V(0) if 7 <n < ps,
EXu+V(n—ps)  ifn=ps

7 must satisfy

Rl . YWips) = pﬁkbu +9V(0).
s b
Then,
Y Py O = . —]} if0< <7
Vinpy +1) =14 7 =" i~ e e (14)
1 _Aam (1+’Y_’72)U+’YC_(1_ )L ifn<.<
1—y =" 14+~ ”ypsu N>L<Ps
and
_ Yu — ¢
S e R —— 15
= T o (15)

hold. Clearly, 77 € (0, py).

2  Optimality
2.1 Caseof 1 =) > )

In this section we show that V' defined in (10) and (11), a candidate for the value
function, indeed satisfies Bellman equation and (¢;,¢f) in (8) and (9) is an optimal
policy. To be more precise, we define

~

Vi(g;n) = g A — gshse + V(1) (16)

where q = (g, ¢5), 7' is subject to (5), and V' is defined in (10) and (11). We also define

~

Vin)= max V(q;n).

a st. (1)-(6)

Below, we will show that

V(n) =V*(n) =V(q"n) (17)



holds, where q* = (¢;, ¢%) given in (8) and (9).

In this case, the constraints on ¢, and ¢, are written as

Moreover, by (7), the latter is clearly equivalent to

qsPs S DPb-
211 ne [0777)

For ¢, € [0,1/ps] and ¢, =0,

~

V =qu+~V(n— qps)
Y u+c n— Qo
:qu—i-—{u—[ —1—7—0]}
’ I—7 I+~ ( ) Db
yu  y(u+c) n

= @lu —yc) + - +v—c.

Then, qi111 = (7/ps, 0) is the unique maximizer on the region.
For ¢, = 0 and ¢s € [0, (7 — 1) /ps),

‘A/ = _qs)\sc + ’VV(T] + qus)

—"_ —"_ SHMSs
:_MH%{% {u c _(1_”&0}}

— I+~ Db

yu  yute)  m
= —(1—=7)gsAsc+ — +y—c.
(1= 17 1-79 Tp

Then, qi12 = (0,0) is the unique maximizer on the region.
For a, = 0 and g, € [(7 —n)/ps: (po — 1) /ps),

- 1 —~? sMs
vz—qsxsc+i{u—{( - 7)2””0—(1—@%4}
I—x I—7 Db

U 14+~ —~)u+ e
ah(ru— ) + @+ 72 vﬁ+vgw
1=~ 1=~ Db

Then, there is no maximum and the supremum is obtained as q — qu13 = (0, (pp —

1)/ps)-



For gy = 0 and qs € [(pb - U)/Psﬁ?b/??s],

V:_quSHL{u_v{““_(l_wwc]}

L—x I+~ Db

u 2(u+c —
R ¥ 9+¢n P,
l—v 1-n j2)

Then, q114 = (0, (p» — 1) /ps) is the unique maximizer on the region.
By (11), it is verified

V(Ohm) > V(%u) > V(Q112)7
lim V(q) = V(Q114)-

qlqiis

Then, q114 = q* and (17) hold.

2.1.2 7€ [i,py)

For q, € ((n —7)/ps,n/ps] and ¢, = 0,

~ Y u+c n— @by
V:qu—k—{u—[ —1—7—0}}
b 1—7v 147 ( ) Db

vu o olute) o
= q(u —ye) + - +v—-c.
( ) l—y 1=92 " 'p

Then, qi21 = (17/pp,0) is the unique maximizer on the region.
For q, € [0, (n — 77)/ps] and ¢s = 0,

. v (1+7—7)u+rc n— QP
V=qgut+——du— (1 — ) LS
o 1—7{ { I+ (1=7) Db

L+ —7")u+
R T L A+ vgu Wﬂ+7QM
1 -7 1=~ Db

Then, qi22 = ((n — 7)/ps, 0) is the unique maximizer on the region.
For p, = 0 and ¢, € [0, (py — ) /ps),

> 1 — 2 sHs
V=gt 2 {un [UEIETERC . gy n e ]
1—v I+~ Db
U 1+~ —)u+~c
—ah(ru— )+ A+ 72 7]+73w
1—v 1=~ Db

Then, there is no maximum and the supremum is obtained as q — qi23 = (0, (pp —

1)/ps)-



For gy = 0 and qs € [(pb - 77)/175, (pb =+ 77 - 77)/Ps)>

& Y u+c 77+qsps_pb
V:—qs)\sc—i——{u— [ — 1—7—0}}
1=~ 71+7 ( ) Db

2 _
= —(1—="")gsAsc+ %L—V(”+@+7ﬁ P
2
I—7 1—7 Db

Then, qi24 = (0, (py — 1) /ps) is the unique maximizer on the region.
For Qv = 0 and gs € [(pb + ﬁ - n)/psvpb/ps]a

%ﬁ_lﬂ+7—fﬂ+vq_u_wn+%m—m4}

V= gt —

- 1+~ j2)
2 yu o P+ y=Nutyd | n—p
:q$)\s<’y U_C)+ - 2 +7 Cs
I—7 1—7 Db

If > 1/42, then qia5 = (0, py/ps) is the unique maximizer on the region. If § = 1/~
qio5 = (0,qs) for any gs € [(pp + 7 — 1) /ps, Pv/Ps) is a maximizer on the region. If
0 < 1/~%, then qia5 = (0, (pp + 77 — 1) /ps) is the unique maximizer on the region.

By (11), it is verified

V<Cl121) > V(Q122)7

~

lim V(Q) = V(di24),

alqizs

y (d121) > V(q1g4) ”=" holds if and only if n =7,
V((hzl) > V(Q125)-

Then qi21 = q* and (17) hold. Moreover, any randomization between qio; and qia4 is
optimal if and only if n = 7.

2.1.3 1€ [npy,npy+17) for n > 1
For g, € ((n — (n— 1)py — 1) /ps, 1] and ¢s = 0,

- — gy — (n—1
SR B R (TSI

1—x 1+ Py

n u "(u+c 2= (n—1)py

e Y L B Cln o SOV ok Bk 3
L=y 1-7 2

Then, qi31 = (1,0) is the unique maximizer on the region.



For g, € ((n — npsy)/po, (N — (n — 1)pp — 1) /1) and ps; = 0,

~ 14+~ —9*)u+ e — @y — (n— 1
V=gt {u_vn_l{( v =7)u+y TRk 7 ( )pbu]}
1 —v I+ PB
. yu (14 —yH)u+ e n— (n—1)py
(1 — g+ R 2) V]Jﬂn ( w
1 -y -y Do

Then, qiz2 = ((n — (n — 1)py — 7)/ps, 0) is the unique maximizer on the region.
For ¢, € [0, (n — npy)/ps) and ps =0,

~ 8 u+c 1 — qbPb — MPb
V=gput+ —<u—7" —(1- c
b 1_7{ Y [1+7 ( ’Y) D }}
U iy + ¢ -n
O e L ( i )+7n+m Py,
1—7 =7 Db

Then, qi33 = ((n — npy)/ps, 0) is the unique maximizer on the region.
For Qv = 0 and gs € [Oa (npb + 77 - 77)/193)>

~ y u+c n+qsps—npb]}
V=—gN\sct+ ——<u—~" —(1— c
1 1—7{ K [1"‘7 (1=7) Db
n+1
n yu o " ute) | = np
= —(1 =" gsAsc + [ + Hp—c.
b

Then, qi34 = (0,0) is the unique maximizer on the region.
For g, = 0 and ¢s € [(npy + 1 — 1) /ps; (n 4+ 1)py — 1) /ps);

1 — 72 sMs T
n{( +7 7)+70_<1_7)n+qp npbu}}

f/:—qs)\sc—i—i{u—”y
Y

1— 1+~ Db
n+1 2
n yu o "+ y =) ut e = npy
= g A(7"u—c) + o~ T2 + 4"
’V Y Db

If @ > 1/4"! then there is no maximum and the supremum is obtained as q —
qizs = (0,((n + Dpy — 1) /ps). If 6 = 1/4™ then qi35 = (0, ¢,) for any q, € [(npy, +
7 —n)/ps, ((n + 1)py — n)/ps) is a maximizer on the region. If § < 1/4"*! then
di3s = (0, (npp + 7 — 1) /ps) is the unique maximizer on the region.

For g, = 0 and g5 € [((n + 1)py — 1) /Ds, Pv/Ps),

~ 0l L fu+c n+qsps — (n+ 1)py
v:_sASH_{u_ o { (- c
q T LA Epre (T=7) o
n+2
u " Hu+c) 21— (n+1)py
= (1 — ") he+ L frt2l e
(1 =9"")q T T gl o



Then, qi36 = (0, ((n + 1)p, — n)/ps) is the unique maximizer on the region.
By (11), it is verified

V(Ql{;l) > V(Q132) > V(OI133) > V(Q134),

0 > = lim V(q)=V
Tt 7 im Via) = Vidus).
0 < s, = V(Q131) > V(Q135),

V(qlfﬂ) > V(Ql%)-
Then qi31 = q* and (17) hold.

2.1.4 nenpy+17,(n+1)p) for n >1

For g, € ((n — nps)/ps, 1] and g5 = 0,

. ol not [(A+7—72) + ¢ n—aqpy — (n—1)py ]}
V=qut+——~_3u— —(1— u
b 1_7{ v [ 1+~ (1—=7) D
yu o A1+ —P)u+ n—(n—1)p,
=(1—A~" — .
( ’Y)Qbu+1_7 142 + . u

Then, qi41 = (1,0) is the unique maximizer on the region.
For gy € ((n — npy —0)/ps, (n = npy) /],

> u+c - —-n

L+~ Db
n+1 c —-n
O U WP L (ut ) P Rkl
L=y L Py
Then, qi40 = ((n — npy)/ps, 0) is the unique maximizer on the region.

For ¢, € [0, (n — nps — 1) /ps)

> gl (1+v—7)u+rc n — Py — NP H
Vgt L { (1P =
o 1—7{ 1+~ (1= Db
U "Ll 4y — A2 u+ e —-n
N e [(1+~ 27) ’Y]jwn“n P,
I—x IT—7v Db

Then, qus3 = ((n — npy, — 7)/pp, 0) is the unique maximizer on the region.
For ¢, = 0 and ¢, € [0, ((n + L)py, —n)/ps),

¥ i (1+7—72)u+70 N+ qsps — NPy ]}
V=- s)\sc+— u— " — (1 = u
e 1—7v { v { 14+~ ( 20, D
n+1 14~ — 2 + .
— qS)\s(’y"Hu . c) X U [( i ;Y )u 'yc] +7n+177 npbu.



If > 1/+™* then there is no maximum and the supremum is obtained as q — q4q =

(0, (n+1)py—n)/ps)- 10 = 1/5"*, then quas = (0, g5) for any g, € [0, ((n+1)pp—n)/ps)
is a maximizer on the region. If § < 1/4™*1 then qi44 = (0,0) is the unique maximizer

on the region.
For ¢y =0 and ¢, € [((n+ 1)py — 1) /ps, (n+ V)py + 7 — 1) /ps),

u—l—c_(1_7)77+C]sps_(n+1)pbc]}

V = —g\c+ T {u — At [

n+2 . 1
S W L B i C i ) gtz p,
L—n L—7 Db

Then, qi45 = (0, ((n + 1)py — n)/ps) is the unique maximizer on the region.
For b = 0 and ds € [((n + 1)pb +1n— n)/psapb/ps]a

14—7__WQU—%70__“:_Won%—%ps—(nw%ln%u}}
L+ Py

V = _qSAsC + —,y {U — ’yn+1 |:(
L=~
n—+2 1 A2 _ ]
e T e e
b 1=7 Dy

If 0 > 1/4""2, then qu = (0,pp/ps) is the unique maximizer on the region. If § =

1/4"2, then qua6 = (0, ¢s) for any ¢, € [((n+1)py +7—1)/ps, Pb/ps) is @ maximizer on

the region. If § < 1/4™*2 then q = (0, ((n+ 1)py +17 —1n)/ps) is the unique maximizer.
By (11), it is verified

V(Cl141) > V(Q142) > V(QM:&),

0> s, = qlTHBM V(q) = V(quss),
o< ! = V(Q141) > V(Q144)7

V((hzu) > V(Q145)7

~

Vi(quar) > V(QMG)-
Then q141 = q* and (17) hold.

2.2 Caseof 1=X\,> X\

As in the previous section, we consider (16), where V' is defined in (14) and (15), and
we show that (17) holds, where q* = (¢}, ¢}) given in (12) and (13).



In this case constraints on ¢, and ¢, are written as
1
%Smm{—nﬁ},
Ab Db
gs < 1.
Also, by (7), g¢» < 1/X, is equivalent to
WPy < Ps-
2.2.1 ne€][0,7)

For g, € [0,n/py] and ¢5 = 0,

~ 8 u+c 1 — QDb
V=gphu+-—<u— —(1=v)——c
b 1—7{ {1+7 =7 Py 1}

yu o Aute) m
= A —_ —_ —C.
B o (u 70)+1—7 |2 —|—’ypsc

Then, q211 = (17/pp, 0) is the unique maximizer on the region.
For ¢, = 0 and ¢, € [0, (7 — 1) /ps),

~ Y u+c 1+ qsPs
V==—qgc+-——qu— —(1—v)———c¢
E 1_7{ |:1+’V ( f}/) Ds :|}
U U+ c
= —(1 = )gec+ — A )+7£a

l—vy  1-7 Ps
Then, g212 = (0, 0) is the unique maximizer on the region.
For g, = 0 and g, € [(7 —n)/ps, (ps — 1)/ps),

~ 1 - 2 SI’S
V:—qsc—i—i{u— [( el )u+70—(1—7)mu}}

l=x L4~ Ds
U 14+ —~)u+ e
— (- ) + A+ 7; 7]+73u
L=y L — Ds
Then, there is no maximum and the supremum is obtained as q — qo13 = (0, (ps —

1)/Ps)-

For gy = 0 and qs € [(ps - 77)/1?37 1]7

N u—+c +ss_ s
V:_%HL{U_,Y{ _(1_7>wc]}

[ L4~ Ps
2
yuo y(ute) | on—ps
= —(1—=7*)gsc + - +7 c.
1=7) l—y  1-77 Ds

10



Then, q214 = (0, (ps — 1) /ps) is the unique maximizer on the region.
By (15), it is verified

V(Q214) > V(Q211) > V(Q212)7
lim V(q) = V(QQ14)-

qlqz13

Then q214 = q* and (17) hold.

2.2.2 n€li,ps)

For q, € ((n —7)/pv,n/ps] and ¢, = 0,

- Y u+c 1 — qbPs
V=@gNu+——qu— —(1—=7vy)————c
woct 2 {u- 15 -0 -2 )

yu o Aute)  m
= g (U — - Ly
@Ao(u — ye) + =7 1-2 —|—’ypsc

Then, q291 = (1/pp, 0) is the unique maximizer on the region.
For g, € [0, (n — 1) /ps],

N 1 — ~2 _

L+n Ps
14+ —7)u+~c
(1= g+ yu [+ 72 7]+7£u
1—v 1 -y Ps

Then, o9 = ((n — 1) /ps, 0) is the unique maximizer on the region.
For ¢, = 0 and ¢, € [0, (ps — 1) /ps),

A 1 - 2 SIZS
V= gt {u_{(+v W)U+wg%1_wn+qp4}
v

1-— 147 Ds
U 14+~ —)u+ e
=)+ v+ n) 7]+73w
I—xv L= Ds

Then, there is no maximum and the supremum is obtained as q — qo23 = (0, (ps —

1)/Ps)-

For ¢, = 0 and ¢s € [(ps — 1) /ps, (Ps + 17— 1)/Ds),
U & n dsPs — DPs
-~ —7)—6}}

V:—qsc—ki{u—’y{
-7

1 14+~ Ds
2
yuo y(ute) | on—ps
= —(1—=7*)gsc + - +7 c.
1=7) l—y  1-77 Ds

11



Then, qo24 = (0, (ps — 1) /ps) is the unique maximizer on the region.
Forg, = 0 and ¢ € [(ps + 7 —n)/ps, 1],

~ 1+ - 2u+ C +33_3
V= gt {u—v[( T =) 1€ (1= It GeP pq}

1—v 147 ps
U 21+~ —=~)u+ e — Dy
= ¢(Yu—c)+ S -+ 72) 1) +72n Lo,
1_7 1_7 Ds

If > 1/~ then gags = (0,1) is the unique maximizer on the region. If § = 1/4?, then
qa2s = (0, q,) for any ¢, € [(ps + 7 —1)/ps, 1] is a maximizer on the region. If § < 1/~
then qo9s = (0, (ps + 7 — 1) /ps) is the unique maximizer on the region.

By (15), it is verified

V((hzl) > V(sz)
lim V(Q) = V(Q224)>

alqa2s

V(Q221) Z V(q224) ”?=""holds if and Only if n= 7_],

A

V(Q221) > V(Qz%)

Then qg21 = q* and (17) hold. Moreover, any randomization between qge; and qaoq is
optimal if and only if n = 7.

2.2.3 1€ [nps,nps + 1) for n > 1

For ay € ((n - (n - 1)295 - ﬁ)/plnps/pb} and qs = 07

y — gy — (n — 1
V:%)\bu‘f‘ﬁ{u—’y"_l |:u—i—c _(1_,}/)77 dvPo (n )psc}}

L+7 Ps

" u "(u+c 27— (n—1)pg

= ol —7"c) + — -7 2)+7n = Dps,,
1_7 1_7 Ps

Then, qa31 = (ps/ps, 0) is the unique maximizer on the region.

For ¢, € ((n — nps)/pe, (N — (n — 1)ps — 1) /ps] and g5 = 0,
{u_w4[ﬂ+7—fﬂ+vq_u_wn—W%—W—qu}

V = qb)\bu+ L

=y I+~ Ps
u (145 —=9H)u+ e — (n — 1)ps
O A+ l> 7]+wn ( ps
L=y L=y Ps

Then, gasze = ((n — (n — 1)ps — 7)/ps, 0) is the unique maximizer on the region.

12



For ¢, € [0, (n — nps)/ps) and ps = 0,
’ gl utc 1 — GpPy — NP5
V=ghu+-—qu—7" —(1- c
o 1—7{ 7{1+7 (1=7) Ps ]}
yu U)o 0P
11—~ 1—~2 Ps
Then, qo33 = ((n — nps)/pp, 0) is the unique maximizer on the region.
For g, = 0 and g5 € [0, (nps + 7 —1)/ps),
’ g utc N+ qsPs — NPs
V=—qc+——qu—7" —(1- c
q 1_7{ 7{1+7 (1—7) 0. }}
n+1 -
yuo Y (U+®+7mﬂ nps
1—vy 1—72 Ps
Then, qo34 = (0,0) is the unique maximizer on the region.

For ¢, = 0 and ¢, € [(nps + 7 —n)/ps; ((n + 1)ps —0)/ps),
{u_nlﬂ+7—7%U+%g%1_wn+%m—nm4}

= g Ao(u — 7" o) +

= —(1 — ’)/nJrl)qu —+

V:—qu—FL

L=~ I+ Ds
n+1 2
yu oy L+~ —77)u+n~c 17— Nps
= q,(Y"u —¢) + T [( I ) ] A ———T 7
g gl Ds

If & > 1/ then there is no maximum and the supremum is obtained as q —
qozs = (0,((n + 1)ps —n)/ps). If @ = 1/ then quss = (0,¢,) for any ¢, € [(nps +
7 —n)/ps,((n + 1)ps — n)/ps) is a maximizer on the region. If § < 1/4"T! then
Qo35 = (0, (nps + 7 —n)/ps) is the unique maximizer on the region.
For ¢, = 0 and ¢ € [((n+ 1)ps — n)/ps, 1],
A sMs — 1 S
VZ—QSC%—L{U—W”H{u—i_c—(l—y)n—{_qp (n+ )p}}
1—v L+~ psc
n+2 _ 1
(1)t D WE®+me (n+1)ps
1 - Y 1- Y Ds
Then, qo36 = (0, ((n + 1)ps — n)/ps) is the unique maximizer on the region.
By (15), it is verified

V(szn) > V(‘l232) > V(stz&) > V<q234)7

0> = Jim Vi) = Vidass),
0 < = V(q234) > V(Qz:as)»

— fyn+1
V(Q231) > V(Q236)~

13



Then q231 = q* and (17) hold.

2.2.4 nenps+1,(n+1)p,) for n >1

For g, € ((n — nps)/py, ps/pp) and ¢s = 0,

147 — 192 v —(n—1
V_Qb/\bU+L{u—7n_1|:( Ralt] 7)“+VC_(1_7)77 gsps — (1 )psu]}

L=~ L+~ Ds
u (145 —=yH)u+ e — (n—1)ps
(1= g+ 4 AT 72) e == e,

Then, qa41 = (ps/ps, 0) is the unique maximizer on the region.

For g, € ((n — nps — 1) /v, (N — nps) /ps) and g, = 0,

) u—+c _ — np,
VZ%AW"'L{U—V”[ _(1_”77 qvPy D c}}
Y 1+~ s

n+1 _
yu o " (u Jg ), 1= Ps
1 -7 1 -7 Ds

= gpho(u —7"le) +

Then, qa40 = ((n — nps)/pp, 0) is the unique maximizer on the region.
For g, € [0, (n — nps — 1) /ps] and g5 = 0,

A 1+ —7)u+n~e - — nps
V= gt {U_WV Y= )uty (1)t = u]}
1—7 I+~ Ds
n+1 1 A2 _
yu o AT 4y = yP)u+ ot TP

= (1 =" Nagplu + —
11— 11— 72 Ps

~
Then, qo43 = ((n — nps — 7)/pp, 0) is the unique maximizer on the region.
For g, = 0 and ¢, € [0, ((n + ) —1)/Ds),

o u+70 n+qus—nps
V=- sc—l—— u— 1— U
4sC + 7 { 1+7 —(1=7) 0. H
n+1 1 _
— qs(’)/nJrlU C) 4 . [( +7 7 )u+'70] +7n+177 npsu.
1—7 1 -2 Ds

If > 1/~ then there is no maximum and the supremum is obtained as q — qaq =

(0, (n+1)ps—n)/ps)- 166 = 1/9™+", then qaas = (0, g5) for any g, € [0, ((n+1)ps—n)/ps)
is a maximizer on the region. If § < 1/9"*! then g4y = (0,0) is the unique maximizer
on the region.
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For g, = 0 and ¢, € [((n 4 1)ps —1)/ps, (n + 1)ps +1 —n)/ps),
- 0 {U_WH{u+c_u_vﬂ+qwf%n+ﬂm%}

V=gt ——
Y

11— 1"”}/ Ps
"2 (y 4+ ) n—(n+1p
= (1 — n+1 S Tu _fy nt2! — UV L)Ps
( Y )Clc‘f'l_7 2 + 7y o c

Then, gass = (0, ((n + 1)ps — n)/ps) is the unique maximizer on the region.

For ¢, = 0 and ¢s € [((n+ 1)ps + 17— 1n)/ps, 1],
~ ]_ sMs — ]- S
Vo gt y - A+ y=7)u+e (1_7)774‘6110 (n + )Pu
1—7 147 Ds
n+2 1 _ 1
— (V"HU—C)qs—l— yu ’7 ‘f"}/ v )U—f—’}/C] _'_,yn+277 (TZ—|— )psu
l—n 1—~2 Ps

If & > 1/, then q = qays = (0,1) is the unique maximizer on the region. If
0 = q/~™*?, then qass = (0, ¢s) for any g5 € [((n + 1)ps + 7 — 1)/ps, 1] is a maximizer
on the region. If § < 1/9"*2 then que = (0,((n + 1)ps + 7 — n)/ps) is the unique
maximizer on the region.

By (15), it is verified

V(Q241) > V(Qz@) > V(q243)7
= lim V( ) ‘A/(CIQ45),

’7n+1 qlqz44

0 >

Then q241 = q* and (17) hold.
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